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Abstract 

This paper reports weak solutions of 3D stochastic primitive equations of the large scale ocean 
converge exponentially fast to the equilibrium, if the noise is at the same time sufficiently smooth and 
non-degenerate. Furthermore, thanks to global well-posedness of the strong solution, weak solutions 
which are limits of Galerkin approximations share the same invariant measure. In particular, the 
invariant measure for the strong solution is unique. 


1 Introduction 

The large-scale motion of the ocean can be well modeled by 3D viscous primitive equations. Be¬ 
yond their considerable significance in physical applications, the primitive equations have generated 
much interest from the mathematics community due to their rich nonlinear, nonlocal character and their 
anisotropic structure. 

The mathematical study of the 3D determine primitive equations of the large scale ocean originated 
in a series of articles by J. L. Lions, R. Temam, and S. Wang in the early 1990s ( lITSl |T9j |20l |2T]). 
They defined fhe nofions of weak and sfrong solutions and also proved fhe existence of weak solution. 
However, fhe uniqueness of weak solutions in fhe general case is sfill an open question, even for fhe fwo- 
dimensional case. In ifTOl . fhe existence of sfrong solutions fo fhe primifive equations wifh small inifial 
dafa was esfablished. In 1(131 . fhe aufhors proved fhe global exisfence and uniqueness of sfrong solution fo 
fhe primifive equafions under fhe small depfh hypofhesis for a large sef of inifial dafa whose size depends 
on fhe fhickness of fhe domain. In (O, C. Cao and E.S. Tifi developed a beautiful approach fo dealing 
wifh fhe L^-norm of fhe flucfuafion v of horizonfal velocify, and obfained fhe global well-posedness for 
fhe 3D viscous primifive equafions. 
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Despite these great successful developments for the deterministic primitive equations, introducing 
uncertainty in ‘exact’ model equations is reasonable and necessary in the study of the primitive equa¬ 
tions of the large scale ocean. The introducing of stochastic processes is aimed at accounting for a 
number of uncertainties and errors. For example, the external forcing of the ocean comes mainly from 
the atmosphere, and atmospheric forcing field must be regarded as random, see, e.g. HI HT] |23] |28l 
and references therein. On the other hand, as mentioned in @, these ‘exact’ models are numerically 
intractable, they can’t be fully solved with present super computers(and will not be for any foreseeable 
future). We refer to e.g. |I 6 | and IfTTl for more details about the motivations for introducing uncertainty. 

Recently, there are several works on the global well-posedness and the long-time behavior of the 3D 
stochastic primitive equations. In |i 6 i], A. Debussche, N. Glatt-Holtz, R. Temam and M. Ziane established 
the global existence and uniqueness of strong solution for a nonlinear, multiplicative white noise in 2011 . 
For the long-time behavior of the stochastic case, in ll24l . T. Tachim Medjo obtained the weak solution 
converges exponentially in the mean square and almost surely exponentially to the stationary solution. 
In his paper, the viscosity is assumed large enough and the covariance operator of the noise is required 
to satisfy some exponential decline property. In ITTl . B. Guo and D. Huang obtained the global well- 
posedness of strong solution and the existence of global random attractor under the assumptions that 
the momentum equation is driven by an additive stochastic forcing and the thermodynamical equation is 
driven by a fixed heaf source. In f9], the authors established the continuity of the Markovian semigroup 
associated with strong solution of the 3D stochastic primitive equations, and proved the existence of 
invariant measure for the strong solution. 

In the present paper, we devote to proving the exponential mixing property for 3D stochastic primitive 
equations driven by multiplicative noise. The difficulty we encounter is that in both determine and 
random cases, the uniqueness of weak solutions which start from space is unknown. Thanks to the 
idea of Il26]l . we can overcome this difficulty by dealing with weak solutions which are limits of the 
Galerkin approximations. 

Firstly, we need to show the existence of weak solutions of 3D stochastic primitive equations. Since 
the 3D stochastic primitive equation (I2.1I )- (I2.4I ) is driven by multiplicative noise, which can not be trans¬ 
lated into random parameter partial differential equations, so the method in IfTTl can not be applied. Here, 
our proof is based on 0, where compactness method is applied. Further, we consider the exponential 
mixing property for weak solutions which are limits of Galerkin approximations of 3D stochastic prim¬ 
itive equations. Our proof relies on the modified coupling mefhod from ||261 . which aims af proving fhe 
exponenfial mixing for fhe 3D sfochasfic Navier-Sfokes equations. In Il26l . the author chose the smooth 
small ball for the entering of two Markov processes is in BI 2 , however, H 2 is not suitable for our equations, 
here, we have to choose a smooth small ball in H 3 , since our nonlinear term - V// • v(t, x,y,z')dz' ^ 

is one order higher than v|j. Moreover, during the prove that the time of entering the smooth small 
ball admits an exponential moment, we have to deal with higher order Sobolev norms than Il26l . such 
as II • II®, II • II2, II • ll®^ II • Il3- This is highly non-trivial. Last but not least, it is worth mentioning that 
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with the help of the uniqueness of strong solution of our equations, we can obtain that weak solutions 
which are limits of Galerkin approximations share the same invariant measure. In particular, the invari¬ 
ant measure for the strong solution is unique (see Corollary I3.3I ). Such properties are not valid for 3D 
stochastic Navier-Stokes equations because of the lack of the uniqueness of strong solution, that is, the 
invariant measure for weak solutions of 3D stochastic Navier-Stokes have to depend on the initial data 
and Galerkin approximation subsequence (for the detail, see |[26l l. 

This paper is organized as follows. In Sects. 2 and 3, we introduce the 3D stochastic primitive 
equations and review some basic representational results. Hypothesises on the stochastic forcing are 
given in Sect.4. The concrete proof of our main results are given in Sects. 5 and 6. 


2 Preliminaries 


The 3D Stochastic Primitive Equations of the large-scale ocean under a stochastic forcing, in a Cartesian 
system, are written as 


dv dv 

-F (v • Vh)v + e— + fkxv + VhP - Av 
at dz 


0-1 (v, T) 


dWi 

~dr’ 


d^P + T = 0, 


( 2 . 1 ) 

( 2 . 2 ) 


V// • V -I- d^6 

dT dT 

— + (V v«)r + e—-AT 
ot dz 


0 , 


o- 2 (v, T) 


dW2 

dt 


(2.3) 

(2.4) 


where the horizontal velocity field v = (vi, V 2 ), the three-dimensional velocity field (vi, V 2 , 9), fhe femper- 
afure T and fhe pressure P are unknown functions. / is fhe Coriolis paramefer. k is vertical unif vecfor. 
Sef V// = {dx, dy) fo be the horizontal gradient operator and A - d]. + d^ + d^io be the three dimensional 
Laplacian. W\ and W 2 are two independent cylindrical Wiener processes on PI\ and PI 2 , respectively. PI\ 
and P [2 will be defined below. 

The spatial variable {x,y,z) belongs fo A1 = x (-1,0). For simplicify of fhe presenfafion, all fhe 
physical paramefers (heighf, viscosify, size of periodic box) are sef fo 1. 

Refer fo fT], fhe boundary value conditions for (I2.1I) - (I2.4I) are given by 


V, 9 and T are periodic in x and y, 

(2.5) 

(0,0), pu_i= 1, ru=o. 

(2.6) 

(v, T) |f=o= (vo, Pq)- 

(2.7) 


Replacing T and P by T + z and P - respectively, then (I2.1I) - (I2.4I) with (I2.6I) - (I2.7I) is equivalent to the 
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following system 


dv dv 

— + (v Vh)v + e— +fkxv + VhP - Av 
at oz 

dzP + T 


- <ti{v,T +z) 


Vh • V + d^6 - 


0 , 

0 , 


dT dT 

— + (V Vh)T + e{— + l)-^T 
ot dz 


- o- 2 (v, T + z) 


dWi 

"dT' 


dW2 

IT' 


subject to the boundary and initial conditions 


V, 6 and T are periodic in x and y, 

(5,v,0)|,=_i,o=(O,O), r 0 , 

(v, T) |,=o= (vo, Tq)- 


( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 


( 2 . 12 ) 

(2.13) 

(2.14) 


where we still denote by Tq the initial temperature in (12.141 ). though it is now different from that in (12.71 ). 

Inherent symmetries in the equations show that the solution of the primitive equations on x (-1,0) 
with boundaries (I2.13I) - (I2.141) may be recovered by solving the equations with periodic boundary condi¬ 
tions in x,y and z variables on the extended domain x (-1,1) = T^, and restricting to z € (-1,0). 

To see this, consider any solution of (I2.8I )- (I2.1 II ) with boundaries (12.13I )- (I2.14I ). we perform that 


v(x, y, z) ^ v{x, y, -z), for (x, y, z) e x (0,1), 

T(x,y,z) - -r(x,y, -z), for (x,y,z) € X (0,1), 
P(x, y, z) ^ P{x, y, -z), for (x, y, z) € x (0,1), 

9{x,y,z) - -0(x,y, -z), for (x,y,z) € X (0,1). 


We also extend cri in the even fashion and cr 2 in the odd fashion across x {0}. Hence, we consider the 
primitive equations on the extended domain x (-1,1), 


dv dv 

— -I- (v • Vh)v + 6— +fkxv + VhP - Av 
dt dz 

dzP + T 


^ cri(v, r)- 


dT dT 

— + (V Vh)T + e{— + 1) - AT 
dt dz 


dW^ 


dt ’ 


Vh -v + d^6 = 


0 , 

0 , 


- Cr 2 (v, T + z)- 


dW2 


dt ’ 


subject to the boundary and initial conditions 


(2.15) 

(2.16) 

(2.17) 

(2.18) 


V, 9 ,P and T are periodic in x , y, z, (2-19) 

V and P are even in z, 9 and T are odd in z, (2.20) 

(V, r) U-(vo, To), (2.21) 


where Tq to denote the initial temperature in (12.141) . though it is now different from that in (12.71) . 
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Because of the equivalent of the above two kinds of boundary and initial conditions, we consider, 
throughout this paper, the system (I2.15I) - (I2.21I) . Note that condition (12.211) is a symmetry condition, 
which is preserved by system (I2.15I )- (I2.18I ). that is if a smooth solution to system (I2.15I) - (I2.18I) exists and 
is unique, then it must satisfy the symmetry condition ( 12 . 211 ) . as long as it is initially satisfied. 


2.1 Reformulation 


Note that the vertical velocity 9 can be expressed in terms of the horizonal velocity v, through the incom¬ 
pressibility condition (12.171 ) and the symmetry condition (12.211 ). as 


9{t,x,y,z) ^ = 


-x: 


V// • v(f, X,y,z)dz, 


( 2 . 22 ) 


moreover. 


i: 


Vh ■ vdz - 0 . 


Supposing that pt is a certain unknown function at Y},, and integrating (12.181) from -1 to z, we have 

P{x,y,z,t) = pb{x,y,t) - J' T(x,y,z',t)dz'. 

Then, we make scaling transformation of T. Let S - x/CqT, where Co is a positive constant will be 
described in Sect. 4, (I2.15I) - (I2.21I) can be rewritten as 


§7 + (v • V//)v -)- d>(v )|7 +fkxv + VnPb - f_\ '^hS dz' - Av ^ <; 6 (v, S), 

f + (V Vh)S + 0(v)f + (hCv) - AS = ip{v,S), 
f_\ Vh ■ vdz = 0, 

where 

I dWi ^1 dW2 

0(v,S) ^ a-i(v, —=S)——, <p{v,S)= VQcr 2 (v, —=S +z)—r-. 

VQ dt VQ dt 

The boundary and initial conditions for (I2.23I) - (I2.25I) are given by 

V and S are periodic in x, y and z, (2.26) 

V and P are even in z, 9 and T are odd in z, (2.27) 

(v,S)U=(vo,5o). (2.28) 

In the following, our aim is to prove exponential mixing of (v, S) of (I2.23I) - (I2.28I) . which implies expo¬ 
nential mixing of the original solution (v, T) of the system (I2.15I) - (I2.21I) . 


(2.23) 

(2.24) 

(2.25) 


2.2 Working Spaces 

Let £.{K\,K 2 ) (resp. -£ 2 (^ 1 , ^ 2 )) be the space of bounded (resp. Hilbert-Schmidt) linear operators from 
the Hilbert space K\ to K 2 . We denote by | • |^ 2 (t 2 ) and | • \hp{T^) the norms of L^(T^) and P[P(J:^), 
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respectively. Let | • |p be the norm of L^(T^) for integer number p e (0, oo). In particular, | • | and (•, •) 
represent the norm and inner product of L^(T^). For the classical Sobolev space p € N+, 


HP{T^) = [f e l2(t3) dcY e L^{T^) for \a\ < p], 
= ^o<\a\<p |5«F|2. 


It’s known that (//^(T^), | • |//p(t3 )) is a Hilbert space. 

Define working spaces for equations (I2.23I) - (I2.28I) . Let 


"Vi - <{ V e (C“(T3)f 


^2 - {S e C“(T^); S is periodic in x, y and odd in 


■ j : 


V// • vdz - 0,v is periodic in x, y and even in z, I vdxdydz - 0 >, 


in z, ( . 

Jt3 


in z, I 

Jt3 


S dxdydz = 0 >, 


Vi = the closure of "Vi with respect to the norm | • |//1 (t3 ) x | • |//1 (t3 ), 
V 2 = the closure of 'V 2 with respect to the norm | • |//I(t3 ), 

H\ = the closure of 'V\ with respect to the norm | • | x | • |, 

H 2 = the closure of 'V 2 with respect to the norm | • |, 


L = Li X F 2 , H = HiX H 2 . 

The inner products and norms on V, H are given by 

(F,Fi)v = (v,vi)y, +(S,Si)v„ 

(FFi) - (v,vi) + (S,Si) = (v(’\(vi/^>) + (v(2Uvi)(2)) + (S,Si), 

{Y,Y)l = {v,v)l^+{S,S)l^, ||F||y = (F F^. 

where F = (v,S), Yi = (vi,S 1 ). By the Riesz representation theorem, we can identify the dual space H' 
of H (respectively H'. = i=l,2). Then we have 

V cH cV', 

where the two inclusions are compact continuous. 


2.3 Some Functionals 

Define three bilinear forms a : F x F —> R, ai : Fi x Fi —> R, ^2 : F 2 x F 2 —> R, and their corresponding 
linear operators A : F —> F , Ai : Fi —> Fp A 2 : F 2 —> F 2 by setting 

a{Y, Fi) ^ (AF Fi) = ai(v, vj) + a2{S, S 1), 


where 


fl'i(v,vi) ^ (Aiv,vi) ^ 



dv dv\ 

Vhv ■ V//Vi + --— 

oz oz 


dxdydz, 
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dxdydz, 


a2{S,Si) ^ (A2S,Sy) - |v«S . V^Si + 

for any Y - (v,S), Yi = {vi,S i) € V. The following lemma follows Lemma 2.4 in fT9l readily. 

Lemma 2.1. (i) The forms a, a,- (/ = 1,2) are coercive, continuous, and therefore, the operators A : 
V ^ y and Ai : Vi —» L' (/ =1,2) are isomorphisms. Moreover, 

a(F,Fi) < Ci||F||y||Fi||v, 
a{Y,Y) > C2||F||2, 


where C i and C 2 are two positive constants and can be determined in concrete conditions. 


(ii) The isomorphism A : F —> F' (respectively Aj : Vi —> V- (i = 1,2)) can be extended to a self-adjoint 
unbounded linear operator on H (respectively on Hi, i=l,2), with compact inverse A~^ : H ^ H 
(respectively A~^-,Hi —> Hi (i = 1,2)). 


It’s known that A\ is a self-adjoint operator with discrete spectrum in Hi. Denote by 2 , .. an 

eigenbasis of Hi associated to the increasing sequence {y„)«=i, 2 , - of eigenvalues of Ay Similarly, A 2 is 
a self-adjoint operator with discrete spectrum in H 2 . Let {ln)n=i, 2 ,- be an eigenbasis of H 2 associated to 


the increasing sequence {A„}„=ix- of eigenvalues of A 2 . Let 0 = 


l^n 

0 


and eo.m ^ 


0 

\ Im J 


, then we 


can rearrange {e„ 0 , ^o,m) and denoted it by [en]n=i, 2 ,- 
by an increasing sequence {pn}n=i,2,-- 

The fractional power (A-*, D{A^)) of the operator (A, D(A)) for s € 


the associated eigenvalues of (A, D{A)) is denoted 


. IS 


I d{M) - {f - Y^Ziynev, I.Zidl^\yn? < “1; 

I A-'F ^ j where Y = ^ 

For any 5 € R, set 

IIFIlf = |A5F|, Hf-D(A5). 

It’s obvious that (Hf, || • ||^) is a Hilbert space and that (Eq, || • ||o) = {H,\- |) and (Hi, || • ||i) = (F, || • ||). 
Similarly, define (Blf ‘, || • ||f ‘) and (Hf || ■ ||f ^), for ease of notations, all of them are denoted by (H^, || ■ ||^). 

Now, we define fhree functionals : F x F x F —> R, f?; : Fi x F, x F, —> R (/ = 1,2) and fhe 
associafed operafors B : F x F —> F', B,- : Fi x F,- —> F/ (/ = 1,2) by setting 


b{Y,Yi,Y2) = {B(Y,Yi),Y2) = bi(v,vi,V2) + b2(v,Si,S2), 

dvi 

(v • Vh)vi + 0 (v)— 
oz 


L 


^l(v,Vi,V2) = (Bi(v,Vi),V2) = 

b2{v,Si,S2) = {B2 {v,Si),S2)= f 

Jt3 


00 

(v • Vff)S 1 -I- <l)(v)^ 
oz 


■ V2dxdydz, 
S 2dxdydz, 


for any F = (v,S), Yi - (vi,Si) € F. Then we have 
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Lemma 2.2. For any Y e V, Yi e V, 


{B(Y,Yi),Yi) ^ biYYuYi) = bi{v,vuvi) = b2{v,Si,Si) = 0. 

Moreover, we define another functional g : L x V —> R and the associated linear operator G : V ^ V' 


by 


g(LLi) ^ (G(L),Fi) 


r 

Jt3 


f{k X v) • vi + {VHPb 


r 

Vq J-1 


Y/hScIz) ■ vi + (l)(v) • S ] 


dxdydz- 


By (12.251) . we have 


(v, '^HPb) = 

and since (v, fkxv) = 0, then 

Lemma 2.3. (i) 


I vdz,'VHPb\ =-\Pb, ( '^H-vdz\ 
J-l /l2(T2) \ -'-1 / 


Y/n-vdz] - 0 , 

/L 2 (T 2 ) 


g(F, F) = (G(F), F) = x.[(r. V//S r/z'j • V + 0(v) • S ^dxdydz. 


(ii) There exists a constant C, such that 


|(G(F),F)| < C(|5|||v||V||5|||v|), (2.29) 

|(G(F),Fi)| < C|v||vi| + C(|5|||vi||V||5|||vi|). (2.30) 


We combine (12.231) and (12.241) . and use the functionals defined in the above to obtain the stochastic 
evolution equation 


where 


j dY(t) + AY{t)dt + B{Y{t), Y{t))dt + G(Y(t))dt = 'Y{Y{t))dW{t), 
I i^(O) - yo- 


Wi 1 


W 2 J 


'P(F) = 


0(v,5) 0 

0 T(y,s) ^ 


(2.31) 


2.4 Some inequalities 

We recall some interpolation inequalities used later (see |Tl). 

For/j e 

\ I 

I^Il‘*(T2) - ^I^Il2(T2)I^IAi(T2)’ 
1 1 

I^Il5(T2) ^ 

2 I 
















For/j e //1(T3), 


\h\3 < 

\ h \(, < c|/z|//1(t3), 

\hu < 

At last, we recall the integral version of Minkowshy inequality for the spaces, p > 1. Let Tj c R'”* 
and T 2 c measurable sets, where m\ and m 2 are two positive integers. Suppose that /(^, 77) 

is measurable over Tj x T^. Then 



Lemma 2.4. (see Ifvi € H\t'^),V 2 e H'^(T'^),V 2 , € then 

(i) I ji,3 V3 • [(vi • VH)v 2 ^dxdydz\ < c|Vv2||v3|3|vi|6 < c|Vv2||v3|5|Vv3|5|Vvi|, 

(ii) I d>(vi)v 22 • vsdxdydzl < c\Vvi\\v3\^\Vv3\^\dzV2\^\'^dzV2\^. 

2.5 Definition of Weak Solution 

Definition 2.1. Wh say that there exists a weak solution of equation d2. Jil) if for any T > 0, there 
exists a stochastic basis a cylindrical Wiener process W on H and a progressively 

measurable process T : [0, T] X ^ such that 

Y e L°°i0, T- H) n L^(Q, T; F) n C (O, T; D(A“5)) , P - a.s, 

where a > 3 is any fixed positive number, and for all ij/ e D{A^), the identity 

(T(t), •A) + (aT(5), (k)ds + (B(V(s), V(s)), f)ds + (G(Y(s)), f)ds 

= (yo, <A) + ^ (T'(F(5))dlF(5), (A), Vt e [0, T], P - a.s. 

holds. 

If 2)(T(0)) = A € P{H), we denote P^ = ID{Y). Here D(Z) stands for the law of random variable Z. 


3 Hypothesis and Main Results 

3.1 Hypothesis 

Suppose Co > ^ in the preliminaries. The covariance operator T' satisfies the following Hypothesis HO 
and Hypothesis HI. 
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Hypothesis HO 'V : H ^ -CiiH, H) is a continuous and bounded Lipschitz mapping, i.e. 

for some constants do ^ 0, p > 0. 

Hypothesis HI W\ and ^2 are two independent cylindrical Wiener processes on Hi and H 2 , respec¬ 
tively. 

(1) There exists eo > 0 and a family {'T„}„=i 2, .. of continuous mappings // —> R with continuous 

Frechet derivatives such that 

/ 00 00 

'i’(y)dW - '^n(y)endW'' where W = 

n=l n=l 

< 

00 

A-o ^ V sup < 00. 

(2) There exists ki such that for any y, 77 € BI3, 

00 

n=i 

(3) For any y € H and n e N, 

'P„(j) >0, K 2 = sup I'F“'Cv)|£(hLj.//) < 00, 

yeH 

where 

00 00 

• /j = ^ for hne„. 

n=\ n=l 

Setting fc = kq + fci + K 2 + 1. 

Remark 1, It is easy to know Hypothesis HI implies Hypothesis HO and '¥ = A 2 fulfills Hypothesis 
HI, provided fi € (|, 4 ]. 

3.2 Main Results 

Our results are as follows. 

Theorem 3.1. [Existence of Weak Solution ] Under Hypothesis HO, there exists a weak solution Y{t) of 
d 2 . 37 l) in the sense ofDefinition \ 2 . 1 \ 

Theorem 3.2. [Exponential Convergence [ Assume that Hypothesis HI holds. There exist C and y > 0 
only depending on T, T^, eo such that, for any weak solution with initial law A e P(H) which is a limit 
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of Galerkin approximations of A4.33[ . there exists a unique stationary measure weak solution p € P{H), 
such that 

\\Dp,{Y(t)) - p\\ 

var — Ce-^‘ \yU{dy^ , (3.32) 


provided 


X' 


\yfA{dy) < 


where P{H) is the set of all probability measures on H and || • Hv^r 
to the space Us for s < -3. 


is the total variation norm associated 


Remark 2. In Theorem 13.21 the stationary measure p seems to depend is still unknown on A and the 
Galerkin approximation subsequence however, with the aid of the uniqueness of strong solution, 
we can prove that p is independent of A and {Nk] ■ 


Corollary 3 . 3 . Suppose Hypothesis HO and Hypothesis HI hold, then weak solutions which are limits 
of Galerkin approximations share the same invariant measure, that is, p in Theorem 13.21 is independent 
of A and {Nk}- In particular, the invariant probability measure for the strong solution is unique. 


4 Existence of Weak Solutions 

Our proof is based on fTl, compactness method is applied. 


4.1 Compact Embedding of Certain Functional Spaces 


Let (O, !F, be a stochastic basis (with expectation E) and IL be a cylindrical Wiener process 

with values in H defined on the stochastic basis. Given p > 1, a € (0,1), let W“’^(0, T; //) be the Sobolev 
space of all u e L^(0, T ; H) such that 


endowed with the norm 



\u{t) - u{s)\P 
\t- 


dtds < oo, 


lu(t)l^dt + J^ 

For any progressively measurable process / e L^(Q x [0, T\, J 32 {H,H)) denote by /(/) the Ito integral 
defined as ^ 

/(/)(0= r f{s)dW{s) t€[0,r]. 

Jo 

Clearly, /(/) is a progressively measurable process in L^(Q x [0, TY,H). 
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Lemma 4.1. Let p > 2,a < ^ be given. Then for any progressively measurable process f e L^(Q x 


and there exists a constant C{p, a) > 0 independent off such that 

mf)C.r^o,T-H) ^ C{p,a)E f lf(t)l^^(^j,^dt. 

*J0 

Lemma 4.2. Let Bq <z B a B\be Banach spaces, Bq and By reflexive, with compact embedding of Bq in 
B. Let p € (1, oo) and a € {Q,\) be given. Let X be the space 

X = LP{Q, T; Bo) n T; Bj), 


endowed with the natural norm. Then the embedding ofX in LP{0, T ; B) is compact. 

Lemma 4.3. If B\ c B are two Banach spaces with compact embedding, and the real number a e 
(0, \),p > 1 satisfy ap > 1, then the space W“'P{Q, T\Bi) is compactly embedded into C(0, T ; B). 


4.2 Proof of Theorem 13.11 

_ 3 3 

We divide into three steps to prove this theorem. Step 1. Let P„ be the operator from D(A 2) to D(A 2) 
defined as 

n 

PnX - X € D{A~^). 

i=l 

3 _ 3 

Here, we denote by (•, •) the dual pairing between D{Ai) and D(A 2). Then 

{P„x,y) = {x,P„y), 

_ 3 

for all x,y € D{A 2). Its restriction to H is the orthogonal projection onto P^jH = Span{ei,* • -.en}- Let 
B„(T, Y) be the Lipschitz operator in P^H defined as 

Bn{Y,Y) = Xn{Y)B{Y,Y) YePnH, 


where: // —> R is defined as;t'„(7) = 0„(|F|), wifh 0„ : 

XniY) = 


[0,1] of class C°°, such fhaf 


1, if|F|<n, 

0 , if|F|>n + l. 


Consider fhe classical Galerkin approximation scheme defined by fhe processes F„(t) € P„H, solutions 
of 


dYn + AYndt + PnBniYn, Yn)dt + PnG{Y„)dt - PfY(Yn)dW{t), t € [0, T] 

L„(0) = P„yo. 


(4.33) 
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Noticing (12.291) . (12.301) and B is locally Lipschitz from V x V to all the coefficients are 

continuous and with linear growth in PnH, thus, this equation has a unique weak solution Yn e 
L^{Q.',C{0,T-, PnH)). Moreover, for each p > 2, applying ltd formula on \Yn\P and using the classical 
method referred to f7]|^ by 


(Yn,G{Yn)) 


VQ 


| 5 „|||V„|| 


< Mr + jr\Yn 
I Co 


we can prove that there exist two positive constants Ci(p), Ci, which are independent of n, such that 


sup |F„( 5 )|P| < Ci(p), 

.0<s<T 


'f 


WYnisWds < C2. 


Step 2. Decompose F„ as 

F„(0 = Pnyo- f AY„(s)ds- f P„B„(Y„(s),Y„(s))ds 
Jo Jo 


-f' 


P„G(Y„(s))ds + P„'¥(Yn(s))dW(s) 


= J^+ Jl{t) + 4it) + 4{t) + Jlit). 


f 


(4.34) 

(4.35) 


By (I434]) . 

njl4 < ca, T-v') ^ ^ 

\o<i<r / 

From (14.351) . 

E|/'l^o2(o,r;w) ^ CE r ||F„(^)||2r/^ < C5. 

»-/0 

for suitable positive constants C 3 , C 4 , C 5 . As to 4, from Lemma |4~T] and (14.341) . under Hypothesis HO, 
we have 

for all p € ( 0 , ^), and for some constant C(,{p) > 0 . As to 7^, refer to lfT9l . 


||B(F,Fi)||_ 3 <C|F|||Fi||, 


then 


\PnBn{Yn, F„)|" 


l?(0,T-,D{A 


3 

2 )) 


< Cl sup |F„( 5 )|- 

0<s<T 


f 


\\Yn{s)\\ ds. 


by (14341) and (14351) . 


nJi 


W'’^{0,T;D(A 2 )) 


<C8 VCi(2 )C2. 
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For a Banach space B, we know T\B) <z W“’^(0, T ; B) for all a € (0,1) and p > 1. Collecting all 

the previous inequalities we obtain 


E|F„| 3 

V^-2(0,7’;D(A^2)) 


< C9(/3), 


for all y6 € (0, \), and for some constant CgljS) > 0. Recalling (14.351) . which implies that the laws D{Yn) 
are bounded in probability in 

L^{0, T\V)r\ (o, T\ , 

thus, by Lemma 1431 we have the family !)(¥„) is tight in L^(0, T ; H). 

Arguing similarly on the term J^, on the basis of the estimate (14.341 ). we apply Lemma 1431 and have 
that the family D{Yn) is tight in C (O, T; for all given y > 3. Thus we can find a subsequence, 

still denoted by Y„, such that D{Y„) converges weakly in L^(0, T; //) n C (O, T; D{A~^)^. 

Step 3 . Fix y > 3. By Skorohod embedding theorem, there exists a stochastic basis 
{Q }and L^(0, T; //) n C (O, T; D(A“ 2 )^-valued random variables Y^, Yl,n > 1, such 
that Y^ has the same law of on L^{0,T',H) n c{p,T‘,D{A~ifj, and Y^ —> in L^{0,T\H) D 

C ^0, T; D(A“5)^, pi - a.s. Of course, for each n, 


£){Yl){C{0,T-PnH)) = Y 


and by (14.341) and (14.351) . we have 


E^'( sup |F„'(^r) < Ci(p), 

\0<s<T / 

E^‘ r^iFi 

Jo 


(.s)lrd.s < C 2 , 

0 

for all n and p > 2. Hence, we also have 

Y^ e L^iO,T-,V)nL°°iO,T-H) - a.s. 


and F„i ^ F^ weakly in L^{D. x [0, P]; V). 

For each n > 1, the process M^(t) with trajectories in C{0,T-, H) defined as 

M^(t)-F^(0-P„F'(0)+ r AYl(s)ds+ f P„B„(Y^(s),Y^(s))ds+ f PnG(Yji(s))ds. 

Jo Jo Jo 

In facf, is a square infegrable marfingale wifh respecf fo fhe filfrafion 

^ < f), 


wifh quadratic variation 


[M^],= I Pn^Y^mY^yPnds. 


Jo 

Then by a sfandard mefhod (cf. Q), we obfain fhe weak solution. 


14 










5 Exponential Convergence 


Let A and L be a probability measure and a random variable on (Q, !F), respectively. The distribution 
D^(Y) denotes the law of Y under A. A weak solution with initial law is said to be stationary if, for 
any t > 0, // is equal to 2)p^(F(t)). 

For A € N, we consider the following finite dimensional approximation of (12.311) 


(5.36) 


J cIYn + AY^dt + PnB{Yn, YN)dt + PNG{YN)dt = PN'i'iYN)dW{t), 

\ F^T(O) - P^yo- 

It’s easy to show that for any given yo ^ H, (15.361 ) has a unique solution Yn = Tjv(-,yo) = 
{vNi-,yo),SNi-,yo))- Define 

(^f'A)(Fo) = E[«A(F^(t,yo))], for e Bb(PNH). 

YN{',yo) verifies the strong Markov property, which obviously implies that iP^)teR+ is a Markov transi¬ 
tion semi-group on PnH- In the following, P^ is omitted for simplicity written, 
ltd formula on |FA?(-,yo)P gives 

d\YNf + WNfdt - - 2 (F;v, B{Yn, YN))dt - 2 (Yn, G{YN))dt 
2 (f^, 'YiYN)dW) + \mYM)\\l^^H^H/t. 


+ . 


By integration by parts, we have 

(Fw,B(Fw,Fw)) = 0, 

By Lemma 1231 we obtain 

r/|F^P + W^W^dt 

= 2 (F;v, 'Y{YN)dW) + 2 |v;v, J" dt + WiY 

< 2 (YN,'A>{Yt,)dW) + - 2 —\s^\\\v^\\dt + 

\Co 

Then, by ab < + b^) and ||Fa?||^ = ||vAr|p -i- ||Swe have 

d\YN\^ + \\YN\^dt + WSNfdt < 2{YN,^{YN)dW) + ^\SN?dt + Kdt. 

Co 

Since Cq > |^, USa^IP > TiISa^P, then ^ISa^P < II^A^lP. Thus 

d\YNf + WNfdt < 2{YN,'P{YN)dW) + Kdt. 


(5.37) 


By IIF^lP > jUi|Fa?P and applying integration by parts to e^‘'|FAr(0P, then integrating and taking expec¬ 
tation, we obtain 


E(|F^( 0 p)<e-t^‘W + ^- 


(5.38) 
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Hence, applying the Krylov-Bogoliubov Criterion (see 01), we obtain that admits an invariant 

measure /ia? and that every invariant measure has a moment of order two in H. Let be a random 
variable whose law is /iat and which is independent of W, then Yn = Y^i', Y^) is a stationary solution of 
(I5.36I) . Integrating (15.371) . we obtain 

E|Lyv(OI^+E r ||Fiv(5)||^r/5 < E|LAr(0)|^ +/rt. (5.39) 

Jo 

Since the law of Yj\f(s) is /jjy for any 5 > 0, it follows 



\\y\\^HNi.dy) < K. 


(5.40) 


Using the similar arguments as proof of Theorem 13.11 the laws (P^^) of Yi^{-, Y^) are tight in 
L^(0, T; //) n C(0, T ; D(A~i)), y > 3. Then, for a subsequence, still denote by (P^^), which converges in 
law to P^ a stationary martingale solution of (12.311) with initial law //. We deduce from (15.401 ) that 


X' 


WyWMdy) < K. 


In general, it’s not known whether jj. is an invariant measure due to the lack of uniqueness and also 
we don’t know whether (12.311) defines a Markov evolution. However, the above information is a key to 
prove uniqueness of invariant measures. 


5.1 Coupling Method 

Let (Ti, 42) be two distributions on a Polish space {E, S(E)) and let (O, !F, P) be a probability space and 
let (Zi, Z 2 ) be two random variables (Q, !F) ^ (E, B{E)). We say that (Zi, Z 2 ) is a coupling of (Ti, A 2 ) if 
Ai = D{Zi) for i = 1,2. The total variation ||/l||var of a finite real measure 4 on £ is defined as 

sup{|4(r)||reS(£)), 

where S{E) sfands for fhe sef of fhe Borelian subsefs of E. 

The nexf resulf is fundamenfal in fhe coupling mefhods, fhe proof, for example, can be found in Il26]l . 

Lemma 5.1. Let (4i , 42 ) be two probability measures on (E, 3{E)). Then 

l|4i - A 2 \\var = minP(Zi t Z 2 ). 

The minimum is taken over all couplings {Z\,Z 2 ) o/(4i,42). There exists a coupling which reaches the 
minimum value. It is called a maximal coupling. 

Lef us firsf consider fhe case of fhe solufions of (15.361) . Assume fhaf Hypothesis HI holds. Lef 
A € N and (y^Q,y^ € El x H. Combining argumenfs similar as |[T5l . ll22ll . if can be shown fhaf fhere exists 
a function pn{-) > 0 such that 

||(^t')*d,2 - (^t')*d,,||™. < 1 - PNibh + IFoI), (5-41) 
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where and 6 y 2 are two Dirac measures on single point and y^, respectively. Applying Lemma ISTTl 
we construct a maximal coupling (Zi,Z 2 ) = {Zi(y^,y^),Z 2 (yl,yl)) of |(;P^)*(5yi, (!P^)*dy 2 j. It follows 

P(Zi = Z 2 ) > pNily^l + ly^l) > 0. (5.42) 


Let (IL IL) be a couple of independent cylindrical Wiener processes on H x H and d > 0. Denote 
by YN{',yQ) and YN{',y^) the solutions of (15.361) with initial data y^ and y^ associated to W and W, 
respectively. Now we can construct a couple of random variables {Vi, V 2 ) = (Li(jQ,yQ), V' 2 (jQ,yQ)) on 
Pj\/H for (Yj\/, Y]^) as follows 


' iYMi;yo),YNi;yo)), 


{VuV2)-{ 


(ZiCvoDoX22Cvo,yo))> 

{YN(;yl^,YN{;yl^), 


if yl=yl= yo, 

if CVo’^'o) ^ BHxH{0,S)\{yl = yl), 

else, 


(5.43) 


where B//x//(0, d) is the ball o^ H x H with radius d . Then (Vi(yQ,yQ), V' 2 (yQ,yQ)) is a coupling of 
|(^V)*d^j (^W)*d ^2 j. It can be shown that it depends on (yQ,yQ). We then construct a coupling (T^ Y^) 

of (l)(YN{-,y^)),D{Y]^{-,y^)fj by induction on N. Firstly, setting F'(0) = y'^ for i = 1,2, then assuming 
that we have constructed (T^ Y^) on {0,1, • • ^ k}. We take (Fi, F 2 ) as above independent of (F\ F^) and 
set 

Y\k + 1) - Vi{Y\k), Y^{k)) for i = 1,2. 

Taking into account (15.381) . it is easily shown that the time of return of (F^ F^) in Bhxh{^, —) admits 
an exponential moment. We choose d = ^. It follows from (15.421) and (15.43b that (F'(n), F^(n)) € 
5//x//(0, d) implies that the probability of (F\ F^) having coupled at time n + 1 is bounded below by 
Pn{26) > 0. Finally, remark that if (F', F^) are coupled at time n + 1, then they remain coupled for 
any time after. Combining these properties and using the fact that (F'(?i), Y^{n))neH is a discrete strong 
Markov process, it is easily shown that 


P(F'(n) ^ Y\n)) < Cyve-’'~”(1 + l/f + \yl\\ (5.44) 

with > 0- Recall that (F^ F^) is a coupling of ^2)(Fyv(-,yQ)), D(Fjv(-,yQ))) on N. It follows that 

(F^(n), Y^{n)) is a coupling of |(;P^)*d^i, (;P^)*dj, 2 j. Combining Lemma [54l and (15.44b . we obtain, for 
n e N, 

- (n^)*d,i||™, < CNe-^^\\ + |yi|2 + |y2|2). 

Setting n = LtJ(the integer part of t) and integrating (yl,y\) over ((!P^„)*/l) p^, where pn is an 

invariant measure, it follows that, for any A e P{PnH) with ^ \y^A{dy) < 00 , 

\\{'P^TA-pN\\var<CNe-^^'(\+ f \y\^A{dy}\. (5.45) 

\ JPnH / 

This result is useless when considering equations (12.31b since the constants Cat, strongly depend 
on N. In the following, we prove that (15.41b is true uniformly in N, which implies (15.45b holds with 
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constants uniform in N, provided Jq, Jq in a small ball of H 3 . Then it remains to prove that the time of 
return in this small ball admits an exponential moment. Besides, in order to obtain Theorem 13.21 it’s 
sufficient to prove the following proposition. 

Proposition 5.1. Assume that Hypothesis HI holds. Then there exist C - C('P, T^,£o) > 0 tind y = 
y(T', T^,£o) > 0 such that for any N € N, there exists a unique invariant measure PN far {P^)teR+- 
Moreover, far any A e P{PnH) with \y\^A{dy) < 00 , 

W^rA-pN\\var<Ce-y^(l+ f l/dCdy)). (5.46) 

\ JPmH / 

Let A e P(H) and be an expectation under the initial distribution A. It’s easy to know that (15.461 ) 
implies that 

- r g(y)PN(dy) 

Pj^jH 

for any g € UCb(^s)- 

5.2 Coupling of Solutions Starting from Small Initial Data 

The aim of this section is to establish the following result, which is analogous to (15.421) but uniform in 

N. 

Proposition 5.2. Assume that Hypothesis HI holds. Then there exist (T, d) € (0,1) x (0,1) such that, 
far any N € N, there exists a coupling {Z\(yQ,yQ),Z2(yQ,yQ)) (!P^)*dj,2j which measurably 

depends on (yQ,yo) £ EI 3 x BI 3 and verifies 

v(z,(ylyl) = Z2(ylyl))>^, (5.48) 

provided 

llyill' V ||y2||2 < 5. (5.49) 

Assume that Hypothesis HI holds. Let T € (0,1). Applying Lemma 15.11 we can construct 
(Zi(yQ,y 2 ),Z 2 (yQ,yQ)) as the maximal coupling of (PySyi^,P*fay2). Measurable dependence on (yQ,y^ 
follows from a slight extension of Lemma ISTTl tcf. |[27l . Remark A.l). In order to establish Proposition 
15.21 it is sufficient to prove that there exists c { k , T^) not depending on T € (0,1) and on A € N such that 

W^)*6y2 - {r^r6y.^\Ur < c{K, t3) Vy, (5.50) 

provided 

llyili V Wylwl < Kr\ (5.51) 

Then it suffices to choose Y < l/( 4 c(^, T^))^ and 6 = kT^. 


<Ce-fagU{\ + ^^\y\^A{dy) 


(5.47) 
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Since || • \\var is the dual norm of | • |oo, (15.501) is equivalent to 


|e (g(F;v(T, yl)) - giY^ir, )))| < 8|gUc(^, T^) Vf, (5.52) 

for any g € UCtiPNH). It follows from the density of cI(PnH) c UCb(PNH) that, in order to establish 
Proposition 15.21 it is sufficient to prove that (15.521) holds for any € N, T € (0,1) and g e CI{PnH) 
provided (15.511) holds. 

The proof of (15.521) under condition (15.511) is aligned into the next three subsections. 


5.2.1 A Prior Estimate. 


For any process Y - {v,S), we define the H 2 - energy of Y at time t by 


Ef{t)^\\Y{t)\\l+ rV(^)||2r/^. 

Jo 

For any A € N. Let be the orthogonal projection in Hi onto the space P^/Hi = Spanj^i,• • •>%) 
and be the orthogonal projection in H 2 onto the space P^/f 2 - Span{Zi,Z 2 , • • Denote Pa?T = 
(Pj^v, P^S) for any T = (v, S) € F. We obtain the following finite dimension approximation of (12.231 ). 

dm 


dvj\j 1 1 dv]\] 1 1 

+ P\i{vn ■ ^h)vn + Pn^(^n)-^ + P^/fk X Vat + Pl/^MPb 

- 7=Pn f ^hSN dz - Avn = Pn(I>{vn,SN)— 7r, (5.53) 

yCo J-i Jt 

va?( 0 ) ^ P]^vo, 


+ PjjiVN ■ ^h)S N + PI/^(^n)—^ - as n = Plj(p{VN, S n)—^, 
5^(0)-P^Sq. 


(5.54) 


For written simplicity, in the following, P^r, Pj^ and P^ are omitted. Now we establish the following 
result which will be useful in the proof of (15.521) . 


Lemma 5.2. Assume that Hypothesis HI holds. There exist Kq - /fo(T^) and c = c(T^) such that for 
any T < 1 and any A € N, wc have 


““P 

U0,T) ^ 


< c 



Vy, 


provided llyoll^ ^ 

Proof of Lemma l5.2l Let fV = Tw(-,yo)> vn - VN{-,yf) and Sn = S w(-,yo)- ltd formula on |Ava?P 
gives 

rZ|AvAr| + 2|VAvAf| dt = dM^g^^ + Ig^dt + Jg^dt + ||P^0(FAr)||_^^(-^.jj^^rZz, 
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where 


^H2 “ • ^h)Vn + j ’ 

■ = “2 X Viv + VnPb - J' ^hS A?r/z'] j, 

= 2 £ (AY^is), A4>{YM{s))dW{s)). 

By Lemma [Z4l Holder inequality and the Young inequality, we obtain 

= 2 |vAvAr, V[(Va? • ^h)Vn + d>(VAr)-^]j 

i i 9 

< c|VAvyv||VvA?|2|AvA?|2|AvA?| + c| VAva?|| Ava?| 

+c|VAvA?||AvA?|2|VAvA?|2|VvA?|2|AvAr|2 + c|VA va?||Vva?| 2 |AvAr||VA vatI 

< ^|VAv ^|2 + clAvyvl^ + clAvyvl^, 

•^^2 ~ 2 |vAvAf, V[fk X Vjv + '^HPb - J" V/z^A^r/z']! 

< ^IVAvivI^ + c|Ava?|^ + c|AS n \\. 

Similarly, ltd formula on IAS'a^P gives 

dlAS'A^P + 2|VA5'ivP<it ^ + l^^dt + J^^dt + Il^^‘,^(f"v)llx2(//;H2)*’ 

where 

^H2 “ • V//)S N + j ’ 

■ -^Hz “ “2 (ASat, A0(va?)), 

K2=^£ (AL;v(^), A^(F^(^))r/lL(^)). 

Using the same method as above, we have 

^Hz “ 2|vA5'Af, V[(va? • V//)Sa? + <l)(vAf)-^]j 

< c|VA5'Af||VvAf|2|AvA?|2|ASAf| + c|VASAr||AvAf||ASA?| 

+c| VAS wll VAv^p I Av;v|51A5 ^vl + c| VAS ^|| Av/vl| VA5 /vl ^ |A5 n\ ^ 

< ^|VA5^P + clAv^P + clAv^p + clAS^p + c|AS^P, 

7^ = 2(VA5^,VO(vw)) 

- ^I^ASa^P + c|AvA?p. 

Combining the above inequalities, we obtain 

d\\YN\\l + ^IIFa^IP* < cWY^Wldt + CKdt + dM^^, 
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then 


d\\YN\\l + WYNWldt < c\\Yn\^2 (ll^/vll 2 - ^K^^dt + cKdt + dM^^, 


where 



3/ /^i 

V 16c 


(5.55) 


Setting cthj = inf{t e (0, T) | ||}^a?(0II2 > '^Kq), we infer from ||)^oll 2 ^ that for any t e (0, crH 2 ) 


E"^(0 < Mh2(0 + ckT. 


(5.56) 


We deduce from Hypothesis HI that 'F(y)*A is bounded in X(H 2 ;Bl 2 ) by ck. It follows that for any 
t € (0, 0 -H 2 ), 

(Mh2>(0 = 4 r |Pw'P(y;v(^))*A2F^(5)|2fi?5 < c^ r WYN^ds^lcKK^r. 


Jo 

Hence Burkholder-Davis-Gundy inequality gives 


E sup Mh 2(0 < cE V(4^H2 >(o-H2) ^ c ^lKoKt < c{Kq + k) Vt. 


It follows from (15.561) and T < 1 that 

E sup E^\t) < ciKo + k) Vy, 

VtO.o-H^) ^ J 

which yields, by Chebyshev inequality, 

pf sup Ef (t) > ^0] < c(i + ^) Vy. 

Uo,o-h2 ) ™ j Ao 

Let B - [sup(o_^j,^)Py^(0 < /To), A - [sup(o^x) ^ ^o)- Since sup(o_^j,^) Py^(0 < Kq implies 

cthj = Y, we have B <z A, i.e. B^ D A^, then P(A‘^) < P(P'^), which implies Lemma l5^ ■ 

5.2.2 Estimate of Derivative 

Let € N and (jq, h) € (H3)2, where yo = (vo, So). Consider 


+ PNiVN ■ h)Pn + Pn^{Vn)-^ + PNidN ■'^h)Yn + PN^^idN)—^ 
ot oz oz 


~ / Cl vV 

+ PNGifiN) + ApN = PnA" {Yn)Pn-7-, 

dt 

Pn{s, s,yQ)-h = PNh, 


(5.57) 


where 


G(Pn) = 


Pyk xtjn- L] ^HjNdz' 


0 
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and 

TlNit) ^ rjNit, s, yo) ■ h, y^it) ^ ynit, s, jq) -h for t > s. 

Denote y6yv - {iIn^Jn) and y6yv(0 = Jo)' h. Existence and uniqueness of the solutions of (15.571 ) is 

easily shown. Moreover, if g e Cj^(PNH), then, for any t > 0, we have 

(V (^f g) (jo), h) = E (Vg(Eyv(?, yo))Mt, 0, yo) • h) . 

For process Y - (v, S), set 

o-{Y) = inf |t € (0, Y)| £ ||E(5)||3r/.s > isTo + l|, (5.58) 

where Kq is defined in (15.551) . 

Lemma 5.3. Assume that Hypothesis HI holds. Then there exists c = cC/r, T^) such that for any N e 
N, T < 1 and (yo> ^) ^ (Ha)^, 

pcT{YN(-,ya)) 

E Pw(t,0,yo)-/i||><c||/i||2. 

Jo 

Proof of Lemma 1531 For written simply, we set /3/v(0 = /3N{t,0,yo) ■ h, rjNiO = T)N{t,0,yo) ■ h, 
jNit) - 'yA?(hO,yo) • h and cr = cr(Lv(-, Jo))- Ho formula on |VA77/v(f)P gives 

J|VA?7^(t)| + 2|A 77 a^(OI “ dMj^^ + Itj^dt + Jr^f^dt + \\P (F^) ■/?w)II_^2(//;B[3)^^’ 

where 

Mr,, =2 f (VArjjv,VA(Pj^f(Yjv)-j3jv)dWi), 

Jo 

• Ir,, = -2 (VArjjv, VA[(vw • V//)? 7 a? + (ijjv ■ Vb)vn]) - 2 |vA? 7 a?, VA[0(vw)^ + j = + 4n’ 

= -2 ( VA?7a,, 'fJA[fk - ]= f ^HyNdz'] 

\ yCo J-i 
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By Lemma |2^ Holder inequality and the Young inequality, we obtain 

4jv = 2 A[(va? • VH)riN + {HN ■ V//)VAr]) 

< c|A^?7Ar||AvA?|5|VAvyv|5|A?7yv| +c|A277A?||A77A?|5|VA;7A?|5|AViv| +c|A^77Ar||VAvA?||AvA?| 

+c\A'^T]N\\AT]N\^\VAr]N\^\AvN\ + c\A^r]N\\AvN\^\VAvN\^\Ar]N\ + c\A^r]N\\yAvN\\AT]N\ 

< 1\A^vn\^ + c|VA77^|2|VAv^|2, 

O 

7® = 2|a2;7;v,A[0(v;v)^ + 0(77^)^]J 

< c|A^?7/vI|VAva,||VA?7a?| + c|A^?7A?||Aviv|5|VAvA?|5|A77/v|2|VA?7A?|5 
+c|A^?7iv||VAviv||VA?7A?| + c|A^?7Ar||VAvAr||VA?7A?| + c|A2?7iv||VAviv||VA?7A?| 

< ^\A^VNf + c|VA77^|2|VAv;v|", 

^jv = 2 ^A^riN, A[fk xriN- J' V/zyA^dz'] j 

< ]\A\n? + c\Aiin? + cIVAy^ll 

ltd formula on |VAyA?(t)p gives 

d|VAyA?(t)l + 2|A yN(f)\ dt — dMy^ + ly^^dt + Jy^jdt + ||P^(^ (fV )' Pn)\\£2{h-,h.3)^^’ 

where 

My,{t) = 2 f (VAyyv,(VAP^^'(Fyv)-y6yv¥W2), 

Jo 

- -2(VAyAr, VA[(va? • ^H)yN + (Vn ■ '^h)Sn]) - 2(VAyA?, VA[0 (va?)-^ + 

Jy^j ^ -2 (VAyAT, VAO(?7Ar)). 

Using the same method as above, we have 

- ^{a^7n, A[(va? • '^H)yN + (Vn ■ '^h)S a?]) 

< c|A^yA?||AvAr|5|VAvAr|5|AyA?| + c|AVivl|Ayyv|5|VAyA?|5|AvA?| + c|A^yA?||VAyA?||AvA?| 
+c|A^yA?||A77A?|2|VA;7A?|2|A5'A?| + c|A^yA?||ASA?|2|VA5'Af|2|A?7A?| + c|A^yA?||VASA?||A;7A?| 

< ^IAVa^I^ + c|VAvA?P|VAyA?P + c|VA;7a?P|VA5a?P, 

7^) = 2(A2y^,A[0(v;v)^+0(77^)^]) 

< c|A^yA?||VAvA?||VAyAr| + c|A^yA?||AvA?|5|VAvAr|^|AyA?|5|VAyA?|5 + c|A^yA?||VAyA?||VAvA?| 

+c|A2yA?|| VAd' A^ll VA?7 a?| + cjA^yA^HAd' a?!^ I VAd' ivl ^ | A?7yv|51 VAt/a^I ^ + c| A^yA^H VAS a?II VAt/a^I 

< ^IAVa^I^ + c|VAvA?P|VAyA?P + c|VA;7a?P|VA5a?P, 

dyN = 2 (A^yA?, A(1)(77 a?)) 

< ^\A^yNf + c\VAijN\\ 
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Collecting all inequalities in the above, we have 


dWI^NW] + :^WN\\ldt < c\\pN\\la + \\YN\\l)dt + dM,, + dMy,. 


Integrating and taking the expectation on both sides of (15.591 ). we deduce 

E|£((r,0)|^^(cr)||2 + £(t, 0)||yS^(OII^*) < \\h\\l 


where 

£(t,0) = 

From the definition of cr, we deduce 

E J WN{t)\\ldt < \\h\\l exp {c{Kq + 1) + cY), 

which yields Lemma [531 


5.2.3 Proof of (15321) 

Let >]/ € C“°(K.; [0,1]) be such that 


^|J = 


0 , on(Ko + Loo), 


For process F, set 


Remark that 


where 


1, on(-cx.,Ko). 

<Ay = <A(J| l|F(.s)|l3<i5). 

|E(g(F;v(Y,y^)) - g(F;v(T,yi))) <k + |gU(/i + h), 
/n = 




(5.59) 


(5.60) 


l|F;v(5,yi))||2r/^ >i5:o). 

For 9 e [1,2], set 

'y® = (2-%^ + (0-l)y2, Yg = YNi-Jo)’ ve = v^(-,y^), 5 e = 5 ;v(-,F^ 

[/3e(t) = 0,yo)> Veit) ^ VNit, 0,yo)> t^e = criYg), 

where cr is defined in (15.581) . For better readability, the dependence on N has been omitted. Setting 


d = yl- yl 


we have 


n2 

Io< \J6\de, Je = (v^f^igiYgO:))i}fY,),h). 
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To estimate Jq, applying a truncated Bismut-Elworthy-Li formula, similar to Il26l . we have 

Je - + 2^0 2’ 


where 


■^ 0,1 “ 


■^0,2 - 


Y 

•^o-flAT 


X crgA 1 

(^-\Ye{t))-Peit)-h,dW{t)) 




giroiTM 

T 


po-eAT 

Jo 




||Fe(5)|hr/5 . 


It follows from Hypothesis HI that 

l4,ll ^ 


ro-gAT 

’ ' 
Jo 


WPeit) ■ hWldt, 


and from Holder inequality that 


ro-gAT I no-gAt 

142I ^ \su>i' loo ^/E iiFe(oii^^/t Je \m) • 


Hence for any Y < 1, 


2 I ro-gAT 

I/ 0 I < c(/r,T^)|g|oo Y V® J 


(5.61) 


Combining (15.611) and Lemma 1531 we have 


|70|<c(^,T3)|gU^, 


which yields, 

lo <ciK, T^Moo Vy. 

Since kT^ < kT, we can apply Lemma 1531 to control /i + I 2 in (15.601) if (15.511) holds. Hence (15.521) 
follows provided (15.511) holds, which yields Proposition [53] ■ 


5.3 Time of Return in a Small Ball of H 3 


Assume that Hypothesis HI holds. Let A e N and Y,d,Zi,Z 2 be as in Proposition 15.21 Let (VF, W) 
be a couple of independent cylindrical Wiener processes on H x H. Denote by YN{-,yo) and FA?(-,yo) 
the solution of (14.331) associated to W and W, respectively. We construct a couple of random variables 
(Fi, F 2 ) - (Fi(y^,y 2 ), V 2 (yl,yl^) on P^H x P^H as follows 


' (F^(-,yo),Fw(-,yo)), 


(Fi,F 2 ) = 


(Z\(yl,yl),Z2(yl,yl)), 

iYNi;yl),YNi;yl^), 


if Fo ^ Fo - FO, 

if (Fo’Fq) e 5H3xH3(0,d)\{y^ = y^), 
else. 


(5.62) 


25 

























Then, we can construct (F^ Y^) by induction on TN. Indeed, firstly setting F'(0) = for i = 1,2. Then, 
assuming that we have constructed (F\ F^) on {0, T, 2T,..., nT}, taking {V\, V 2 ) as above independent of 
(F', F^) and setting 

F'((n + 1)Y) = Vi{Y\nr), Y^inY)) for i = 1,2. 

It follows that (F\ F^) is a discrete strong Markov process and a coupling of (2)(FA?(-,yQ)), D{YNi-,yQ))) 
on YN. Moreover, if (F\ F^) are coupled at time nY, then they remain coupled for any time after. 
Setting 

T - inf {t € YN\{0} I ||Fi(t)||2 V IIF^COII^ < d ]. (5.63) 

The aim of this section is to establish the following Proposition 15.31 

Proposition 5.3. Assume that Hypothesis HI holds. There exist a - a(T', T^, £o> <5) > 0 and K" - 
K"(Y, T^, £o> d) such that for any (Jq, Jq) € H X H , 

E{en < K"i\ + \ylf + lygP). 

The proof is postponed to Section l5.3.41 which is based on the following five lemmas. 

Refer to |[26ll . we know the following property of Z(t) defined in Lemma [5^ 

Lemma 5.4. Assume that Hypothesis HI holds. For any t,M > 0, there exists poit,M) = 
Po{t,M,£oA\Yn\oo}n,Y^) > 0 such that for any adapted process Y, 

V\sup\\Z{s)\\l < m]> po{t,M), 

where ^ 

Z{t) - I e-^^'-^'>Y{Y{s))dW{s). 

Jo 

Using this estimation, we can estimate the moment of the first time in a small ball in H. Let ^3 > 0. 
We set 

Ti 2 = T A inf (t € YN I \Y\tf V |f2(0P < < 53 ). 

Lemma 5.5. Assume that Hypothesis HI holds. Then, for any ^3 > 0, there exist CAdf) and 73 ( 53 ) such 
that for any ( 7 ^, 7 ^) € H xH, 

E(e^3Y2)<C3(l + |7iP + l7g|2). 

Proof of Lemma l53l Recall (15.381) 

E|F;v(0P < e->^Ayo? + -■ 

lit 

Since (F^, F^) is a coupling of ^D(Fa?(-, 7 q)), 'D{Yj^{-,y^'^ on YN, we obtain 

E(|Fi(nY)|2 + \Y\nYt) < + l7ol") + 2^. 
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Since (F^ F^) is a strong Markov process, it can be deduced that there exist Cy and 77 such that 

E(/<2)<C7(l + l7il" + l7^l^ (5.64) 

where 

= inf {t € TN\{0| I \Y\t)\^ + \Y\tf < 4k] . 

Taking into account (15.641) . a standard method shows that, in order to establish Lemma 15.51 it is 
sufficient to prove that there exist TfsCda)) such that 

P(|J^iv(t,Fo)l^<d3)>P8>0, (5.65) 

provided € N, t > T8(d3), I70P < 4k and T8(d3) is independent of 70- 
Setting 

Z(0= r e-^(^-")T'(F(^))dlF(^), Xn = Yn-PnZ, 

Jo 


N(aj) = sup 112(5, m )||3 for oj € Q. 

(0,P 

Assume that there exist M${d^) > 0 and T 8 (d 3 ) such that for a> € Q., 

N(co) < MsiSs) A ^ implies \XN{t,co)f < 

provided t > T 8 (d 3 ) and I 70 P < 4k . Then (15.651) results from Lemma [54l with M = A 

We now prove (15.661) . From (15.361) . we know 

OXn d{XN + PnZ) 

^ + Pn{vn • ^h^Xn + PnZ) + Pjvd>(vjv) ^ ^ ^ ’ + P„G(A^ + PnZ) + AXn = 0, 

oz 


(5.66) 


dt 

3fv(0) = Pw7o 


Let 


where 


Xn = {C0N,gN) - (VN,Sn) - (PI/Zi, PnZ2), 


^i(0- r e-^‘^^-^V(vv(^),5^(5))JWi(5), Z2(0- r e-^^^‘-^^ipivNis),SNis))dW2is). 

Jo Jo 


For oj € Q, setting 


we have 


Ni(oj) ^ sup||Zi(5,m)||3, N 2 (cd) ^ sup ||Z2(5, m)|| 3 , 

(0,f) (0,0 


Ni(co) V N2 {oj) < N{(jS). 


From (15.531) and (15.541) . we have 
da>N 


dt 


+ 


(^{cOn + Z\) ■ X i^{(x)N + Zi) + < l )( faJA ? + Zi) 


d(lx)N + Z\) 

dz 


+ fkx {con + Zi) + XnPb 


-f 


XnigN + Z2)dz' - Xojn - 


d^CON 

dz^ 


(5.67) 


- 0 , 


27 





















(5.68) 


dgN , ,, , 7 ^ V7 7 ^ ^d{,gN + Z2) ^ d^gN 

-— + [(wa? + Zi) • V//](gA? + Z 2 ) + ^{con + Z\) ---Agiv-- 0. 

ot oz oz^ 


Taking the scalar product of (15.671) with ojf^, it follows that 
1 d\0JN^ 


d(a)N + Zi ) 


2 dt 


) 


+ II^^A'II - -y^N,{{^N+ Z\)-Vh){(^N + Zi) + (^{oJn + Zi)- 

1 

X {oJn + Zlfj - (oJn, '^HPb - J '^HigN + Z 2 )dz^, 


by integration by parts 


and 


(^N, {{(^N + Z\) ■ Vh)oJN + <1)(wa? + Zi) 


doJN 

dz 


= 0 , 


{ojn, fk X ojn) - 0, (aiN, ^HPb) = 0, 

furthermore, by Lemma l2!4l Holder inequality and the Young inequality, we have 


d'Zj 

{(m>n + Z\) ■ V//)Zi + (l)(mA? + Zi)-^ 


< dlZilbllm^ll^ + + c||Zi||4 + 


and 


\{OJN,fk X Zi)| < -\(jJn'^ + c|Zl|^, 




'^nigN + Z2)dz 


^ + -pr\SN'^ + 7^1221^- 

1 Co Co 


Combining all inequalities in the above, we obtain 


< cWZMMf + c||Zi||4 + + ±|Z2|2 + c|Zi|2 

at Z Co Co 


< cMlllcuivlP + cMg + -^IgN^. 


2 

Q' 


(5.69) 


Similarly, taking the scalar product on both sides of (15.681) with g^, using Holder inequality and 
Sobolev embedding theorem, it follows that 

3. 


+ ^llgivll' < cMglm^vl" + cMllg^f + 2cMl 


(5.70) 


Since Co > then ■^\gN?' ^ < ||gA?|p. When is sufficiently small, combining (15.691) and 

(15.701) . we obtain 

+ ^IIX^vIl" < cMs on (0, t). (5.71) 

dt 4 

Applying Gronwall inequality, we get 


|Ya,(oP < e lyop + 


cMs 

Pi 
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Then, we deduce from | 3 ^oP ^ that 


\XN{t)\^ < + 


cMg 

/^i 


Choosing t sufficiently large and Mg sufficiently small, we obtain (15.661) . which yields Lemma 15.51 
holds. Indeed, when (15.661) holds. 


P(|J^yv(6jo)l'<53) > 


> 


> 



Jo)l^ 



sup||Z(5)||2 < MgCda) A ^ 
m) 4 


p(sup||Z(5)||2<M8(d3)A^ 
1(0,0 4 

Po |f, MsCds) A ^j > 0, 


let M%{ 6 ^) - M%{ 6 ^) A ^ and choose p^{t, 6 ^) - poC^^sCda)), which yields (15.651) . then Lemma [5751 
holds. ■ 


In the following, we need to get a finer estimate in order to control the time necessary to enter a ball 
in stronger topology. Three steps are divided during the travel from // to H 3 . 


5.3.1 From H to Hi 

Lemma 5.6. Assume that Hypothesis HI holds. Then, for any 64 > 0, there exist P 4 { 64 ) and /? 4 (d 4 ) > 0 
such that for any yo verifying |yoP ^ ^ 4 , we have for any T < 1, 

P(llZv(T,yo)ll"<d4)>P4. 

Proof of Lemma |5^ Using the decomposition - P^Z defined in Sect.3.1 and setting 


N{a)) - sup \\Z{s, m )||3 for m € O. 
(0,T) 


Let 84 > 0, assume that there exist Mi){ 84 ) > 0, /? 4 (d 4 ) > 0, such that for ai e Q, 

N(co) < Mg{S 4 ) A ^ implies ||Xiv(Y, m,yo)ll^ < 

provided |yoP < f? 4 (d 4 ). Then, Lemma [fiihl results from Lemma [541 with M = M<){ 54 ) A 
Integrating (15.711) . 

I 


- f 

4T Jo 

which yields, by Chebyshev inequality. 


IIZivCOII^* < i^lyol^ + cMg, 


d(f e (0,T) I ||Ziv(0ll" < ^\yof + ScMsJ > 


(5.72) 
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where A denotes the Lebesgue measure on (0, T). Setting 

th, = inf (t € (0, Y) I lIXyvCOIl' < + ScMg), 

from (15.721) and the continuity of X^, we deduce 


l|2fw(THi)l| < +^cM^. 

Taking inner product with Aoj^ on both sides of (15.671) in L^(T^), we obtain 

+ IAwa^P = - (awat, ((ruAT + Zi) • V//) (wa? + Zi) + <I)(mA? + Zi) ^ ^ 


(5.73) 


dt 


dz 


Aajf^,fk X (wa? + Zi) + VnPb 


—f= f V//(gA? + Z2)r/z'|. 

VCq J-1 / 


Since 


we have 


|(Ay, (x ■ V)z + {z ■ V)x)| < c|Ay||Vz| 2 1Az| 2 1Vx|, 


Acom, {{com + Zi) • Vh){con + Zi) + 0(a>/v + Zi) 


d{coM + Zi) 
dz 

< c|VmAr|2|AmA?|2 + c|AZi|2|AmA?P + c|AZip|AmAr| + c|VmAr||AmA?P + c|AZi||AmA?P 
By Holder inequality and the Young inequality, we have 

\{A(A}M,fk X {(Om + Zi)| < c|Zi||AmAf|, 


AcON,'^HPb - ■= f H{gN + 22)dz' 

VCo J-1 


< \\Acom? + ;^||giv|p + 7 ^l|Z 2 lP. 
2 Co Co 


Thus, it follows 

+ llmivli < cWcoMt + cM^ + ^cmIwcomWI + ^\\gN\? + c||mivlp||mivlp. 
at Co 

Similarly, taking inner product with AgM on both sides of (15.681 ) in L^(T^), we obtain 
+ \\\gN\\l < c||g;vlPl|ncvlPlln;ivll2 + ^^9 + cM>)\\com\\1 

+cM|||givll2+c|l^22lvlPllglvlP. 


(5.74) 


(5.75) 


Since Cq > then ^IlgwlP ^ dillg/vlP ^ llgwlp- When M 9 is sufficiently small, combining (15.741) and 

(ir/Sl) . 

+ IIYivlp < cllmivlP + cllmiviPlImivlp + cHgivlPlI^^iivlPlI^oyvIp + cM^- 


dt 


Then 


JIIZivll 


+ -UmT^ + ( - - cllXivir - cllYivir I lloiivlp < c|l^ivir(l|2fivir - ^K{) + cM^, 
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where K\ = . Setting 


(Th. - inf e (th,,T) | 11X^(011" > A 
denote by 1K\ = IKi A Remark that on (th, , we have 

+ ^Il^yvll2 < cM^- 


V^J’ 


Integrating (15.761) . we obtain 

1 ro'Hi 

ll^w(o'Hi)ll^ + T I WN(f)\^dt < ||X/v(thi)|P + cM9(a-Hi - thi) 
^ -'ni, 

< \\XN(TH,)f + cMgT 

< WX^im,)f + cMg. 

From (15.731) and (15.771 ). we obtain that, for M$, Mg and |yoP sufficiently small, 


which yields cthi = T. It follows that 


WXNiVf < 


provided Mg, Mg and |yoP sufficiently small. Since 

P(llF^(T,yo)ll^<54) > pfl|X^(T,yo)ll" < sup ||Z(^)||2 < M9(d4) A ^ 


(0,T) 


> P|sup||Z(5)||2<M9(d4)A^ 

V(o,r) ^ 

> po(T,M9(d4)Aj)>0, 


let Mg{S 4 ) = Mg{ 64 ) A ^ and choose ^ 4 (^ 4 ) = poCf, Mg{ 64 )), we obtain Lemma [51^ 


(5.76) 


(5.77) 


5.3.2 From Hi to H 2 

Lemma 5.7. Assume that Hypothesis HI holds. Then, for any 5^ > 0, there exist ^ 5 (^ 5 ) and Rs{6f) > 0 
such that for any yo verifying IlyolP ^ ^5. we have for any T < 1, 


P(l|F/v(T,yo)ll2<^5)>F5- 


Proof of Lemma 15.71 When Mg sufficiently small and IlyolP + cMg < Ki, v/e have th, = 0 and 
crjj, = T, then it follows from (15.76b that 

,T 


- f 

4 Jo 


\\XN{t)\\ldt < IlyolP + cMg. 
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Applying the same argument as in subsection 6.3.3, it is easy to deduce that there exists a stopping time 
th 2 £ (0, T) such that 

ll^yv(TH2)ll2 ^ |(lbolP + cMg), (5.78) 

provided Mg and IlyolP are sufficiently small. 

Similar to the above, let 5$ > 0, assume that there exist MioCds) > 0 and RsiS^) > 0 such that for 

OJ € O, 

N{aj) < MioiSs) A ^ implies ||Xa,(Y, a>,yo)ll 2 ^ 

provided llyoll^ ^ Then, Lemma [5771 results from Lemma [5^ with M - MioCdj) A 

Applying the operator V to (15.671) . multiplying the resulting equation by -VAwa?, then integrating 
over T^, it follows that 


1 d\Aa)N\^ 

2 dt 


d{iL)N + Z \) 


Since 


we obtain 


IVAwArl^ - |vAa>Ar, + Zi) • V//)(a;Ar + Zi) + 0(a>Ar + Zi) 

I VAm^r, V[/^ X + Z\) + nPb - 1= f '^nigN + Z2)dz'] 

\ VCo -'-1 


|(VAy, V[(x • Vh)z + {z ■ V//)x])| < c|VAy||Az||Ax| < £|VAyp + c(|Az|"^ + |Ax|"^), 


VAojn, V[((a>A? + Zi) • Vh){<^n + Zi) + 0(a>A? + Z\) 


djcoN + Z\) 
dz 


< cIVAcua^I 2 IAcua^I 2 |VmA?| + cIVAcua^IIAcu^I 2 |Vm^| 2 + c|VAmA?||Aa>Af| 2 IVcu^vl 2 |AZi | 
+ c|VAmAr|^|VAZi| + c|VAmA?||VAZi|^ + c|VAmAr|5|AmA?|5 + c|AZi||Aa»Arp 

+ c|AZip|Am^| + c|Vm^||Am^|^ + c|AZi||Am;vl^ 

< elVAmwl^ + clAm^l^ + c\\/AZAAcjJn? + c|VAZi|^ 

By Holder inequality and the Young inequality, we have 

|(VAmyv,VZi)|<c|VZi||VAmwl, 


[v Aojf^,V\V HPb - ■]= f 

\ yCo J-i 


'^HigN + Z2)dz'] 


< ^IVAmyvP + + ;^|AZ2|2. 

Z Co Co 


Combining the above inequalities, applying Holder inequality and the Young inequality, we obtain 


d\\0JN\\l 


+ ||miv||3 < cWconWI + c\\a)N\\\ + cMIq\\cjOn\\1 + —\\gN\\l + cM\^^ + e||m/v||3. 


(5.79) 


dt lu'—"'j Co' 

Similarly, applying the operator V to (15.681) . multiplying the resulting equation by -VAg^r, then integrat¬ 
ing over T^, it follows that 


^II^A^Il2 ||2 II ||2 II ||2|| ||4 II ||2|| ||2 


dt 


+ 2||g^||^ < ellgivll^ + c\\gN\\i\\cON\r2 + cWgNlliWcONWi 

+cM\o\\oJn\^ + cMio||gA?||3 -I- cM\q. 


(5.80) 
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Choosing Mio small enough, since ^llgwll^ ^ ^ ll§A'll 3 > by (15.791 ) and (15.801) . we obtain 

+ ^ll^^lla < c\\Xn\\1{\\Xn\\1 + \\XN\\t-4Kj) + cMro. (5.81) 

where K 2 is defined similar to the above. Setting = inf{t e (TH 2 >"f’) I ll^wll^ ^ ^^ 2 ], integrating 
(15.811) on (th 2 , crH 2)5 we obtain 


1 r°'B-2 

ll^iv(c^H 2 )ll 2 + T IIW)ll 3 ^f<ll^yv(TH 2 )ll 2 +cMio. (5.82) 

Combining (15.781) and (15.821) . We obtain that, for Mg, Mio and ||yolP sufficiently small, 

||X^(crH2)||^ < j A ^2. 

It follows that o'h 2 = f and 

||X^(T)||2 < 

provided Mg, Mio and ||yolP sufficiently small. Since 

P(ll W,yo)ll2 < S 5 ) > p[^l|2fiv(T,yo)ll2 < j- sup ||Z(^)||2 < Mio(d5) A 

> p|sup||Z(^)||2<Mio(d5)A^) 

V{0,T) ^ ) 

> po(T,Mio(d 5 )A j)>0, 

let Mio(d 5 ) = Mio(d 5 ) A ^ and choose ^ 5 (^ 5 ) = PoiT, Mio(d 5 )), we obtain Lemma [5^ ■ 


5.3.3 From H 2 to H 3 

Lemma 5.8. Assume that Hypothesis HI holds. Then, for any dg > 0, there exist and Rei^e) > 0 

such that for any yo verifying ||yoll 2 - ^6. we have for any T < 1, 

P(l|P^(T,yo)ll3<b6)>P6. 

Proof of Lemma l5^ When Mio sufficiently small and Hyoll^ + cMio < K 2 , we have th 2 - 0 and 
CTjjj - T. Taking into account (15.811) . we obtain 

WX^mldt < ||yoll2 + cMio. 

Applying the same argument from Lemma 3.4, it’s easy to know there exists a stopping time thj e (0, T) 
such that 

ll^iv(TH3)ll3 ^ ^(lboll 2 + cMio). (5.83) 



33 















Similar to the above, let 6 ^ > 0, assume that there exist > 0 and > 0 such that for 

OJ € O, 

Nioj) < Mnide) A ^ implies ||Xa,(Y, io,yo)\\l < 

4 4 

provided IIJ 0 II 2 - ^6(<^6)- Then, Lemma [5T^ results from Lemma [5^ with M - A 

Applying the operator A to (15.671 ). multiplying the resulting equation by -A^coj^, then integrating 
over T^, it follows that 

^djVAp^ ^ A[((mjv + Zi) ■ '^h){(^n + ^i) + d)(mjv + 

+ A[fk X {a)N + Zi) + VnPb - J" '^nigN + Z2)iiz']j , 

Since 

KA^y, A[(;r • V)z + {z ■ V)x])\ < c|A2y||VAz||VAx| < elA^yl^ + c(|VAz|^ + IVAxI^), 


we obtain 

Ia^wa?, A[((a»Af + Zi) • Vh){ojn + Z\) + (l)(mA? + Zi) ^ 

< c|A^mAf|||mAr||3l|mA?||2 + c|A^mAf||VAa>/vl|VAZi| + c|A^a>/vl|VAZi|^ 
+ c|A^a>A?||VAZi 1^ + c|A^a>A?||VA6UAfP + c|A^mA?|^|VAajA?|^||Zi||2 

< e\A^a)N? + cIVAm^l^ + c|VAZi|2 + c|VAZi|^ + c|VAZj ^VAw/vP 
By Holder inequality and the Young inequality, we have 


|(A2wiv,AZi)| <c|AZi||A2w;vI, 


A UN,A\yHPb 


r 

vc; J-1 


nig N + Z 2 )dz'] 


< llA^ojNf + 7^|VAg;vl" + 7^|VAZ2|2. 

Z Co Co 


Combining the above inequalities, we obtain 
d\\ 0 JN\\ 


, + ||mivll4 < sWojnWI + cllmAfllj + cMn + cMhWconWI + —H^ivlli 

at Co 


(5.84) 


Similarly, applying the operator A to (15.681) . multiplying the resulting equation by -A^g^, then integrat¬ 
ing over T^, it follows that 


+ 2\\gN\\l < e\\gN\\l + cllmwll^llgyvll^ + cMnWgNWl + cMnlMll + cM^n- 


(5.85) 


Choosing Mn sufficiently small, since ^llgwll? < TilIgwII? < II^wIIa, by (15.841) and (15.851) . we obtain 


d\\XN\\ 


then 


dt 


+^\\XN\\t<c\\XN\r3 + cMn, 


IwXnWI < cllY^li (lix^vli - 2 K 3 ) + cMn, 


(5.86) 
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where Kj, is defined similarly to the above. Setting cthj - inf{r € (thj, T) | ||Xa?( 0II3 > 2A'3) . Integrating 
(15.861) on (thj, cthj), we obtain 

l|2fiv((TH3)ll3 + T \\XN{t)fAdt < l|2fv(TH3)li + cMu- 

Taking into account (15.831 ) and choosing Miq, Mw and Hyoll^ sufficiently small, we obtain 


l|3fv(crH3)ll3 ^ 


It follows that o'h 3 = T and that 


||X^(T)||2 < 


provided M\q, M\\ and Hyoll^ sufficiently small. Since 


P(llW,yo)ll3<<56) > P 


l|2fiv(T,yo)ll3 < T’ ^ ^n(d6) A ^ 

4 (o,T) 4 

sup ||Z(5)||^ < Mii(d6) A ^ 

V(o,T) 4 

> po(T,Mn(d6)A j)>0, 

let MiiCde) = M\i{6(,) A ^ and choose peiSf,) = PoC^,Mii{d(,)), we obtain Lemma [51^ 


5.3.4 Proof of Proposition 15.31 

Setting 

de = S, 65 = R6i6e),S4. = /?5(d5),d3 = /?4(d4), 

P4 ^ pa(5a),P 5 = P5{S5),P6 = PeiSe),?! = {PAP5Pef- 

By the definition of Tii, 

\Y\T^2t V \Y\T^2t < R4{S4). 

We prove this proposition by three cases. 

The first case: ||TkTL 2)||3 v ||F^(t^ 2)||3 < 6, which obviously yields 

p(^_min ^max||r(Ti2 +/:T)||^ < d | {Y\Ti2),Y\TL2)fj > pi. (5.87) 

The second case: F^(t^ 2 ) = Y^^tu) = yo with llyoll^ > d. Combining Lemma [5^ Lemma [577] and 
Lemma [531 we deduce from the strong Markov property of F^r that 

P(||F;v(3T,yo)ll3 < d) > pePsPA, 

provided jyoP < Ra- In that case, F^(t /_2 + 3T) = Y^{ti 2 + 3T). Hence, since the law of F^(t £2 + 3T) 
conditioned by (F^(t^ 2 ), Y^{ti 2 )) = (yo,yo) 2)(FAr(3T,yo))> it follows 

p(max||F'(Ti,2 + 3Y)||3 < d j (f'(t^2), Y^{t^ 2))\ > pePsPA > Pi, 
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then (15.871) holds. 

The third case: F^(t^ 2 ) + and ||F'(t£ 2)||3 v \\Y^{ti 2 )\^ > 6. In that case, {Y^{ti 2 + 

T), Y^ijii + T)) conditioned by {Y^iju), Y^{tii)) are independent. Since the law of Y'{tii + T) condi¬ 
tioned by (F^(t^ 2 ), Y^{tii)) = (yQ,yQ) is 2)(FA?(T,yQ)), it follows from Lemma [5^ that 

p|max||r(Ti2 + Y)|p < <54 | (f'(t^2 ), Y\TL2)fj > pi (5.88) 

Then, we distinguish three cases for (F'(t ^2 -i- T)),=i 2 similar to {Y‘{Ti2))i=iX- + '^)ll 3 F ||F^(t 2,2 -i- 

Y)||2 < d, f1(t2.2 + Y) = Y\ti 2 + r)=yi with ||yi||2 > <5, f1(t^2 +r)i= Y\t ^2 + Y) and ||Fi(Ti 2 + 
T)||2 V ||F2(Ti2 + Y)||2 > <5. For the front two cases, using the method similar to the first and second 
case, respectively, and combining (15.881) . we have (15.871) holds. For the last case, we know that (F^(t 2,2 -i- 
2Y), F^(t ^2 -I- 2Y)) conditioned by (F^(t 2_2 -i- Y), Y^{ti 2 + Y)) are independent. By Lemma 15771 we have 

P (min max \\Y\t ^2 + kr)\\l < 5, \ (y\ti 2 + Y), y\t ^2 + Y))] > p], (5.89) 

yA:=l,2 1 =1,2 ' ' j 

provided 

max||F'(T2,2 -I- Y)||2 < 6 ^. 
i=\,2 

Now, we distinguish three cases for (F'(t ^2 -i- 2Y)),=i 2 similar to the above: ||F^(t 2,2 -i- 2 Y)||2 V 
||F2(Ti2 + 2Y)||2 < <5, Y\ti 2 + 2Y) = Y\tp 2 + 2Y) = y 2 with ||y 2 ll^ > <5, Y\t ^2 + 2Y) ^ Y\tp 2 + 2Y) 
and ||F^(t 2^2 -i- 2 Y)||2 V ||F^(t 2^2 -i- 2 Y)||2 > 6 . For the front two cases, we also can obtain (15.871) . For the 
last case, (F^(t ^2 -i- 3Y), F^(t ^2 -i- 3Y)) conditioned by (F^(t 2,2 -i- 2Y), Y^(ti 2 + 2Y)) are independent. By 
Lemma 1521 

pf min max ||F'(Ti ,2 -t kY)||^ < <5 | + 2Y), Y'^iT^i + 2Y)) | > pi (5.90) 

\k=2,3 <= 1,2 ' 'I 

provided 

max||F'(T2,2 -i-2Y)||2 < 65. 

1 =1,2 

Combining (15.881 ). (15.891 ) and (15.901 ). we deduce (15.871 ) holds for the last case. 

Thus, we have proved (15.871) is true almost surely. Integrating (15.871 ). we obtain 


p( min max||F'(T 2^2 -t-kY)!!? < <5 > pi. 

(<:=0,1,2,3 <=1,2 j 

Combining Lemma 1531 and (15.911 ). we conclude that Proposition [53] holds. 


(5.91) 


5.4 Proof of Theorem 13.21 

As above explained, we only need to prove Proposition 15.11 Let (Fq.F^) € H3 x H3. Let’s recall the 
process (F', F^) is defined at the beginning of Sect. 3. Let <5 > 0, Y € (0,1) be as in Proposition 15.21 and 
T defined in (15.631 ). seffing 

Ti = T, Tk+I = inf {t>Tk\ ||F^(0ll3 V ||F^(0ll3 < < 5 }. 
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It can be deduced from the strong Markov property of Y^) and Proposition [53] that 


which yields, 

{ E(e“^*+‘) < cK'\l + 2(5)E(e“^*), 

|E(e“^>)<^"(l + bol' + bol")- 

It follows that there exists K > 0 such that 


E(e“"^) < K\l + |yi|2 + |y2|2). 


Hence, applying the Jensen inequality, we obtain, for any 9 e (0,1), 

ECe''^^^) < K^\\ + |yi|2 + |y2|2). (5.92) 

We deduce from Proposition [53] and from (15.621) that 

p(fHY) * F^(T)) < 

provided (Fo^Fq) is in the ball of H 3 x H 3 with radius 5. Setting 

ko = inf jk € N I F^r^ + T) - F^Cr^ + Y)). 

By strong Markov property of (F', F^), we have 

P(ko>n)<|^J , (5.93) 

which implies ko < 00 almost surely. Let 0 € (0,1), we deduce from Cauchy-Schwarz inequality that 


E(e5"^‘o) = Y^E{e^"^"Iko=n) < V^C^O > n)E(e®“^«). 

«=1 «=1 


Combining (15.921) and (15.931) . we deduce 


E(e5“’'‘o 



(1 + iF^l' + iFol")- 


Hence, choosing 9 e (0,1) sufficiently small, we obtain that there exists y > 0 independent of N e 
such that 

E(e^^*o)<4(l + |yiP + |y2|2). (5.94) 

Recall that if (F^ F^) are coupled at time t € YN, then they remain coupled for any time after. Hence 
F^(t) = F^(t) for t > Tko- It follows 


P(FVnY) ^ Y\nr)) < 4e-y"^{\ + + \ylf). 
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(5.95) 


Since (^F^(nT), F^(nT)) is a coupling of ^{P^^)* 6 yu{P^^)* 6 y 2 j, we deduce from Lemma [5TT] 

WCP^rT^l - CPnrT^fJlvar < + b^P), 

for any n e N and any (yQ,yQ) e H 3 x BI 3 . Recall that the existence of an invariant measure € P{PnH) 
can be justified by (I5.39I ). Let A € P{H) and t e R'*'. We set n = and C = Integrating (yo,yo) 
over A) ® in (15.951) . we obtain 


WiP^TA - ^iN\\var < (1 + £ lyPd(^fy)J , 


(5.96) 


which establishes (15.471) . then Proposition 15. ll holds. 

We now explain why Proposition 15.1 l implies Theorem 13.21 First of all, (13.321) is equivalent to 


Ei(g(T(t)))- r g(y)M{dy) 

H 


<Cc-^1gU(l +j^|yp4(^fy)l, 


(5.97) 


for any g € f7Ci,(]H[i). Moreover, we know that, for any given initial law A, there exists a subsequence 
{Ni^}k such that T^' converges in distribution in C(0, T ; H^) to the law of Y. Recall that the family is 
tight in H during the proof of Theorem 13.11 Hence, for a subsequence {Nk}k of {Ni^]k, PNk converges to a 
stationary measure ^UANk\) j^gans that /r depends on A and {Nk]- Taking the limit in both sides 


of (iRTTl) . we have 

Ei(g(T(0))- r g(y)f^^^’^^^'\dy) 

H 

Thus, (15.971 ) is established with /r = 


<Ce-y^\gU{\ + £^\y\^A{dy)\. 


(5.98) 


In the last part, we want to prove that ^^Y{Nk\) independent on A and {77^}. First of all, T' in (12.311) 
satisfies fhe conditions required by so for any inifial value y € V, fhere exisfs a unique global sfrong 
solution Y{t,y). 


Proof of Corollary [33] For any initial value y e V, denofe by Y{t,y) is fhe unique global sfrong 
solufion and ifs invarianf measure is which does nof depend on {77*-}- We claim fhaf 
for any y & V, fhaf is, fhe invarianf measure for fhe sfrong solufion is independenf of fhe inifial dafa 
y € F. Indeed, suppose y,- e F(/ = 1,2) are fwo differenf elemenfs, and jjd^yd are fhe corresponding 
invarianf measures. Consider 

' '' g(y)ii^^yd{dy)-Bg{Y^,^) 


f giy)Yd^^’\dy) - f g(y)ju^^yd(dy) < f 
JH Jh Jh 


we have 


h = |Eg(F,"') - Eg(Ff )| 


< 


+ 


JH 

+ |Eg(Ff‘)-Eg(Ff)| 
- h + h + 

- Eg(Ff’-^'‘) 

Eg(Ff’"‘) - Eg(Ff’"^)| + 
74 + 75 + 7^. 


(5.99) 


+ 


Eg(Ff)- I g{y)fi^‘’yP{dy) 


L 




Eg(Ff’"^) - Eg(Ff) 


■yi- 
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Thus, 

r g(y)l^^^'’'\dy) - f g(y)M^'^^2\ciy) < /j + /3 + /4 + /j + /g. 

Jh Jh 

By (15.951) and (15.981) . for any e > 0, there exists to > 0 such that for any t > to 

h + h + h < e uniformly for N. 

Fix t > to, and let At —> oo, we obtain /4 + /g —> 0. Thus, 

^(Sy) _ y £ V. 


(5.100) 


Now, we are ready to show that all weak solutions which are limits of Galerkin approximation share 
the same invariant measure. Let A = Sy^, yo € H, choosing yi e F, we consider 

r - f giyVidy) < f g(y)M^^>'0’>^'^>\dy) - f g{y)£^\dy) 

Jh Jh Jh Jpn^h 


f . 


g{y)lill^\dy) - EgCTf*’^") 


+ 


"Nk 


Eg(Tf'=’^‘) - Eg(Tf) 


+ 


Eg(Ff*’^") - Eg(Ff'=’^') 


Eg(F; 


■D- f> 

Jh 


g(y)ir{dy) 


- K 1 +K 2 + K 3 + K 4 + K 5 . 


By (15.951) . (15.961 ). (15.981 ) and (15.1001) . when t ^ 00 , we have K 2 + Kj + K 4 + K 5 ^0 uniformly for Nk, 
and then, letting Nk —> we obtain K\ —> 0. Thus 


r g(y)iu^^>o’^^^'\dy) = f g(y)ii^{dy), 

Jh Jh 


which implies is independent of and {Atjt). Moreover, we have . 


_ ,,v 
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